The Unitary Clothing Transformation Method in Quantum Field Theory.
  Renormalization of Coupling Constant by Yeletskikh, I. V.
MINISTRY OF EDUCATION AND SCIENCE OF UKRAINE
KARASIN KHARKOV NATIONAL UNIVERSITY
THE UNITARY CLOTHING TRANSFORMATION METHOD IN
QUANTUM FIELD THEORY.
RENORMALIZATION OF COUPLING CONSTANT
MASTER THESIS
Yeletskikh Ivan Vladimirovich
6 course graduate student
Department of Theoretical Nuclear Physics
Scientific advisor:
D.Sc., Head of Department
in Institute of Electrophysics
and Radiation Thechnologies
NAS of Ukraine
.......................................................................................................... V.Yu.Korda
Kharkov 2007

	 
    
  
  
   
  
  
    -

  
   

     

 
    
   !
     
   !-
     "  
 -
  
  	   
   #   
 -
       
 

$
% 
!  $ ! 
  $
! 
$! ! $ ! ! 
$ $
$ $$ &$& 
    


      
   
'      
 ! 
!  
  !$ $   $$ "$
 
& $ $ $
$  ($ 
$
$  $) $)  # $ 

! !  $  $&  $
 ! 

Abstract
Applying the unitary clothing transformation method in the model of
charged spinless nucleons and neutral mesons interacting via the three-linear
Yukawa-type coupling, the expression for the charge shift in the third order in
the coupling constant is derived. Being determined off the energy shell, the ex-
pression can be reduced on the energy shell to the explicitly covariant form,
providing the independence of the particle momenta. Comparison with the cor-
responding result of the Dyson covariant perturbation theory is performed by
establishing the link between the old-fashioned perturbation theory and the
clothing approach.
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INTRODUCTION
The clothing unitary transformation (UT) method, proposed by Greenberg
and Schweber [1] on the basis of deep analysis of the problems of the relativistic
quantum field theory (RQFT) performed by Van Hove [2,3], enables to avoid in
a natural way several troubles arising in foundations of RQFT (see, e.g., [4] and
Refs. therein). One of these troubles is connected with the fact that for the wide
class of the field-theoretical models the primary interaction operator, being de-
fined off the energy shell, connects particles which simultaneously stay on their
mass shells. Thus, the energies of real particles in the intermediate states are es-
sentially relativistic. Besides, at high enough energies any process has additional
inelastic channel associated with the creation and/or destruction of particles,
which needs the additional degrees of freedom being explicitly considered.
Therefore, the consideration of the relativistic effects off the energy shell and
the effects of particle creation/destruction is very topical for the deep under-
standing of the physics of processes taking place in the meson-nucleon systems
in the wide range of energies, including the bound states (see, e.g., [5-7]).
According to [1], the clothing procedure is performed on the total Hamil-
tonian operator H with help of the UT which keeps both the H- and S-operators
(and, thus, all the observables) intact [8] and does the transition from the repre-
sentation of “bare” particles with primary (unphysical) masses and coupling
constants to the representation of “clothed” particles with the observable prop-
erties and physical interactions between them. After the elimination from the
operators having fundamental physical meaning (such as, the generators of the
Poincaré group, S-operator, current operator) of several, called “bad”, operators
which prevent the one-particle states to be the eigenstates of, say, the total
Hamiltonian, the latter acquires the so-called “sparse” structure in the Fock
space of hadronic states, which enables approximate determination of H eigen-
states and eigenvalues. It should be noted, that the elimination of “bad” operator
does not mean that the latter disappears from the Hamiltonian without any trace.
In fact, due to the recursive character of the clothing procedure, the mechanism
of some unphysical process (generated by some “bad” operator) appears many
times incorporated into the mechanisms of physical processes in higher orders in
the coupling constant. In other words, all the infinite variety of “clouds” of vir-
tual quanta, after Van Hove [2,3], appears accumulated into the new crea-
tion/destruction operators (for clothed, i.., physical particles) which are ex-
pressed in some quite complex way via the operators of bare particles. Re-
markably, that the program of renormalization of physical constants – the
masses of particles [9,10] and the coupling constants, as well as the particle
wave functions – is automatically performed along with that.
The operators remaining in the Hamiltonian after the clothing appear as
the Hermitian operators of physical relativistic interactions between observable
particles, which are non-local (relativistic recoil effects are accounted), inde-
pendent of interaction energy and contain the structures off the energy shell in a
natural way.
In this master thesis the procedure of particle clothing is exhibited in sev-
eral first orders in the coupling constant in the field-theoretical model including
the charged spinless nucleon and the neutral meson fields coupled via the Yu-
kawa-type interaction. The expression for the charge shift in the third order in
the coupling constant is derived [11-13]. Being determined through the auto-
matic cancellation of the similar operators off the energy shell in the Hamilto-
nian, this expression consists of two terms. The first one can be reduced to the
explicitly covariant form on the energy shell, while the second one turns into
zero on the shell. The expression in question on the energy shell is presented
through the three-dimensional integrals of Lorentz-scalar combinations of parti-
cle four-momenta forming the vertex, which provides the momentum independ-
ence of the calculated correction.
To compare our result obtained via the clothing method with the respec-
tive one which can be derived using the covariant Dyson-Feynman perturbation
theory we do not perform the explicitly covariant calculations. Instead, we es-
tablish the general link between the old-fashioned perturbation theory (OFPT)
which is, in fact, equivalent to the time-dependent Dyson-Feynman approach
and our non-covariant three-dimentional perturbation method. We show that
these perturbation approaches appear equivalent on the energy shell. Therefore,
we conclude that the expression for the charge shift found in our three-
dimensional formalism gives just the other representation for the respective
four-dimensional integral of Dyson-Feynman method.
It should be emphasized that the existence of the off energy shell
structures in the derived three-dimensional expression for the charge shift plays
an important role in the consistent calculations of, e.g., *NN form factors in the
problems of nuclear physics.
CHAPTER 1
REPRESENTATIONS OF PARTICLES IN QUANTUM FIELD THEORY
1.1 Representation of bare particles with physical masses
Our departure point is the Hamiltonian H expressed in terms of “bare”
primary particles:
( ) ( ) ( )0 0 0 0H H Vα α α= + , (1.1)
where ( )0 0H α  is the free part and ( )0V α  is the primary interaction operator.
The symbol 0α  denotes the set of all creation/destruction operators of bare parti-
cles. The latter are characterized by the relativistic energies which, however, de-
pend on the trial (unrenormalized) masses. The interactions between bare parti-
cles are determined by the trial coupling constant.
With help of the auxiliary unitary transformation of the operators 0α  [4]:
†
0 T Tα α= , (1.2)
we perform the transition to the new set of creation/destruction operators α
which correspond to the particles with physical masses. The latter are now char-
acterized by the relativistic energies in which the physical masses enter.
Taking into account the linear dependence of H  (1.1) on 0α  and applying
the transformation (1.2), we find (details are in [4]):
( ) ( ) ( )0 0 F renH H Mα α α= + , (1.3)
( ) ( )0V Vα α= , (1.4)
	where renM  is the mass counterterm – the operator which determines corrections
of particle masses. Note that the appearance of renM  in r.h.s. of (1.3) for the free
part of the Hamiltonian leads to the loss of conservation of the number of free
particles with new (physical) masses [4].
The substitution of the trial coupling constant by the physical one can be
performed via the introduction of the vertex counterterm renV  – the operator
which determines the correction of charge. Assuming the linear dependence of
0V  on the coupling constant, we put:
( ) ( ) ( )0 0 0renV g V g V g g= + − , (1.5)
where 0g  and g are “bare” and observable coupling constants, respectively.
The representation of the Hamiltonian in terms of new crea-
tion/destruction operators α  is called the representation of bare particles with
physical masses [4]:
( ) ( ) ( )F I F ren renH H H H V M Vα α α= + = + + + , (1.6)
where HF is the new free part and HI is the new interaction term.
By definition, the one-particle states generated from “bare” vacuum 0Ω
with help of the operators of bare particles with physical masses †α  are the ei-
genstates of the free Hamiltonian HF:
( ) † †0 0FH Eα α αΩ = Ω . (1.7)
At the same time, the existence of the interaction IH  prevents the same
one-particle states to be the eigenstates of the total Hamiltonian:

( ) † †0 0 0H Eα α αΩ ≠ Ω . (1.8)
Thus, the solution of the eigenvalue problem for the operator (1.1) in the
representation of bare particles with physical masses (1.6) appears impossible.
1.2 Representation of clothed particles
The eigenvalue problem for the Hamiltonian (1.1) in quantum mesody-
namics is complicated by the fact that the Fock space of hadronic states has infi-
nite number of dimensions and, therefore, application of the common methods
of diagonalization of the Hamiltonian matrix becomes useless. Thus, we could
only develop the methods of approximate solution of the stated problem. In par-
ticular, with the aim of calculating the amplitudes of the observable processes
we can turn to that representation of the Hamiltonian in which it acquires the
“sparse” structure enabling approximate finding of its eigenstates and eigenval-
ues. The transition to the representation of such a kind, according to Greenberg
and Schweber [1], can be performed via such reformulation of one and the same
initial Hamiltonian under which the latter becomes acting in the new Fock space
of the “clothed” hadronic states generated from the clothed (physical) vacuum
Ω  with help of the creation/destruction operators of clothed (physical) particles:
†
c W Wα α= , † † 1WW W W= = , (1.9)
where W is the operator of the clothing UT. Transitions of such a kind give uni-
tarily equivalent representations of the Hamiltonian, i.., they keep the S-matrix
and all the observables unaltered [8].
By the assumption, in terms of new operators cα , named “clothed”, the
Hamiltonian satisfies the requirements:
( ) † †F c c cH Eα α αΩ = Ω , (1.10)

( ) † †c c c cH Eα α αΩ = Ω , (1.11)
so that the new one-particle states are the eigenstates for the free and total
Hamiltonians simultaneously, keeping the latter unchanged with that:
( ) ( )0 c cH Hα α≡ . (1.12)
1.3. Unitary clothing transformation
Let us consider an arbitrary operator  acting in the Fock space of bare
hadronic states with physical masses and having polynomial dependence on the
creation/destruction operators of the corresponding particles. Applying the uni-
tary transformation (1.9) to this operator and using the well-known formula, we
find:
( ) ( ) ( ) ( ) ( )†c c c c cO O W O Wα α α α α= =
( ) ( ) ( ) ( ) ( ) ( )
1
1
,
!
c c
kR R
c c c c
k
e O e O R O
k
α αα α α α
∞
−
=
= = +   ∑ , (1.13)
where ( ) ( )cRcW e αα =  and ( ) ( )†c cR Rα α= −  is the generator of the UT.
Expression (1.13) uses the following convenient notation for the multiple
commutator:
[ ], , ,... , ...k
k
R O R R R O   ≡    

. (1.14)
Inserting the Hamiltonian operator (1.6) instead of the operator  in
(1.13), we obtain:

( ) ( ) ( )c c F c I cH H Hα α α= + ( ) ( ) ( )
1
1
,
!
k
c F c I c
k
R H H
k
α α α
∞
=
 + + ∑ . (1.15)
The Hamiltonian in the clothed particle representation (1.15) contains op-
erators, called “bad”, which prevent the one-clothed-particle states to be the ei-
genstates of the total Hamiltonian. To keep the property of Hermiticity we as-
sume as “bad” the operators conjugated to them too. Then, the generator ( )cR α
should be chosen the way the respective bad operators are absent in the Hamil-
tonian. The remaining operators are the ones of physical relativistic interactions,
i.e., ( ) † 0I c cH α α Ω = .

CHAPTER 2
FORMALISM OF UNITARY CLOTHING TRANSFORMATIONS
2.1. Types of operators in the Hamiltonian
The operators appearing in the total Hamiltonian during the clothing are
conveniently classified the following way ∗.
( )
,
n
t gO  and 
( )
,
n
t bO  are the “transition” operators of n-th order in the coupling
constant, which consist of more than three creation/destruction operators for
particles of any species. Indices “g” and “b” differ “good” operators, having the
energy shell (possibly, with an energy threshold) and, therefore, corresponding
to the observable processes, from “bad” operators, having no such shell and,
therefore, corresponding to virtual processes. Note that all bad operators are
virtual but not all virtual operators are bad. Any transition operator has a unique
decomposition ( ) ( ) ( )
, ,
n n n
t t g t bO O O= + .
( )
r
n
MO  and 
( )
r
n
VO  are the operators of “mass” and “vertex” types of n-th order
in the coupling constant, which replicate the operator structures of mass and
vertex counterterms 
renM  and renV , respectively. Note that the operator 
( )
r
n
MO  can
be both good “g” and bad “b”. Along with that, in case the primary interaction
operator V totally consists of bad operators, the operator ( )
r
n
VO  is always bad. It is
assumed that these operators have the following series in the coupling constant:
( )2
1
k
ren ren
k
M M
∞
=
=∑ , (2.1)
( )2 1
1
k
ren ren
k
V V
∞
+
=
=∑ , (2.2)
                                        
∗
 Being more specific but not restricting the exposition, we assume the operator V in (1.1) to be a three-linear one
of the Yukawa-type.

thus, the analogous expansions are expected for the corrections of physical con-
stants.
The algebra of operators arising in the Hamiltonian during the clothing is
presented in Table 1.
For the model of interacting nucleons and mesons, in which †b (b ) and
†d (d ) are the creation (destruction) operators for nucleons and antinucleons and
†
a (a ) are the creation (destruction) operators for mesons, the operator
† † † †b ba a a  is of bad transition type, while † †b b bb  is of good transition one cor-
responding to the observable process of nucleon-nucleon scattering NN→NN ,
†b b  and † †b d  are good and bad operators of mass type, respectively, finally
† †b ba  and † † †b d a  are the vertex type operators.
Table 1.
Algebra of operators of different types in the Hamiltonian. Symbols t,g
and t,b mark good and bad transition operators, respectively, Mr,g and Mr,b de-
note good and bad mass-type operators, Vr are the vertex-like operators.
Commutators of operators of the type
Types of
operators t,g t,b Mr,g Mr,b Vr
t,b
t + Mr,b+
Vr
all types t,b all types all types
Vr all types all types Vr Vr t + Mr
Mr,b
t + Mr,b+
Vr
all types Mr,b Mr,g Vr
2.2. First clothing transformation
After the clothing, the total Hamiltonian in the form (1.15) contains bad
terms of the first order in the coupling constant (the operator V ) and the ones of

the second and higher orders if the expansions (2.1) and (2.2) are taken into ac-
count. Thus, the generator R which repeats the structure of bad operators should
be chosen as the similar expansion in the coupling constant:
( )
1
k
k
R R
∞
=
=∑ . (2.3)
Using the formulae (2.1)-(2.3), the Hamiltonian (1.15) can be given as:
( ) ( ) ( ) ( ) ( )1 2 1 2, , ,c c F F ren FH H R H V M R V R Hα      = + + + + +     
( ) ( ) ( ) ( ) ( )23 1 1 2 31
, , , ...
2ren ren F
V R V R M R H     + + + + +      , (2.4)
where the terms up to the third order in g are explicitly shown.
For the wide class of field-theoretical models the primary interaction op-
erator V consists totally of the bad operators of the first order ( )1bH V≡ . The
condition for them to be absent in (2.4)
( ) ( )1 1
, 0b FH R H + =  , (2.5)
is the equation determining ( )1R . If the equation (2.5) is solvable then the
Hamiltonian (2.4) acquires the form free from bad terms of the first order:
( ) ( ) ( ) ( ) ( )2 1 21, ,
2c c F c F ren
H H R H R V Mα α    = + + +   
( ) ( ) ( ) ( ) ( )23 1 1 2 31
, , , ...
3F ren ren
R H R V R M V     + + + + +      . (2.6)

So far, by the assumption, the generator ( )1R  repeats the structure of bad
terms of the first order, i.. V , then, using the Table 1, we find that the r.h.s. of
(2.6) contains bad terms of the second order which stem from ( )1 ,R V    and
( )2
renM . Before eliminating these operators with the second clothing transforma-
tion we need to separate them first in the explicit form. To do that we classify
the operators of the mentioned order in the Hamiltonian and collect similar
terms. According to the Table 1, the commutator ( )1 ,R V    consists of good tran-
sition operators corresponding to the physical processes in the second order, bad
transition operators and also good and bad mass-type operators:
( ) ( ) ( ) ( ) ( )1 1 1 1 1
, , , ,
, , , , ,
r rt g t b M g M b
R V R V R V R V R V         = + + +          . (2.7)
By definition, the mass counterterm consists of good and bad parts:
( ) ( ) ( )2 2 2
, ,ren ren g ren bM M M= + . Therefore, putting
( ) ( )2 1
,
,
1
, 0
2 rren g M g
M R V + =  , (2.8)
we eliminate from the Hamiltonian good mass-type operators of the second or-
der and automatically fix the values for the mass shifts [9,10]. At the same time,
collecting bad mass-type operators after the values for mass shifts are fixed, we
find that in general the condition analogous to (2.8) is not satisfied [10]:
( ) ( )2 1
, , ,
,
1
, 0
2 rren b ren b restM b
M R V M + ≡ ≠  . (2.9)
Thus, in the Hamiltonian

( ) ( ) ( ) ( ) ( )2 2 2,c c F c g F bH H H R H Hα α  = + + + 
( ) ( ) ( ) ( ) ( )23 1 1 2 31
, , , ...
3F ren ren
R H R V R M V     + + + + +      , (2.10)
we are able to separate good operators
( ) ( )2 1
,
1
,
2g t g
H R V =   , (2.11)
corresponding to the observable processes in the second order and bad ones
( ) ( ) ( )2 1 2
, ,
,
1
,
2b ren b restt b
H R V M = +  , (2.12)
which must be removed via the second clothing UT.
2.3. Second clothing transformation
The generator ( )2R  should be determined from the condition of absence in
the r.h.s. of (2.10) of bad operators of the second order:
( ) ( )2 2
, 0b FH R H + =  . (2.13)
If this equation is solvable as well as the analogous equation (2.5) then after the
second clothing the total Hamiltonian contains only good operators correspond-
ing to the observable processes in the second order:
( ) ( ) ( )2c c F c gH H Hα α= +
( ) ( ) ( ) ( ) ( )23 1 1 2 31
, , ,
3F ren ren
R H R V R M V     + + + +     

( ) ( ) ( )4 4 4
, ...F renR H M T + + + +  , (2.14)
where the fourth order operators are additionally explicitly shown:
( ) ( ) ( ) ( )34 1 2 21
, ,
8 g
T R V R H   = +   
( ) ( ) ( ) ( ) ( ) ( )22 2 1 2 1 31 1
, , ,
2 2b ren ren
R H R M R V     + + +      . (2.15)
The third order operator ( ) ( ) ( ) ( )
21 1 2 31
, ,
3 ren ren
R V R M V   + +     in (2.14) contains
good and bad terms. According to the Table 1, the commutator ( )
21
,R V    can be
split as follows: ( ) ( ) ( ) ( )
2 2 2 21 1 1 1
, ,
, , , ,
r
t g t b V
R V R V R V R V       = + +        . In its turn, the
commutator ( ) ( ) ( ) ( )1 2 1 2, ,
r
ren ren V
R M R M   =     consists of the vertex-like operators. As
shown in [11-16], in a general case, collecting the similar terms of the vertex
type gives:
( ) ( ) ( ) ( ) ( )21 1 2 3 3
,
1
, , 0
3 r rren ren ren restV V
R V R M V V   + + ≡ ≠    , (2.16)
which, however, does not prevent fixing the charge correction in the third order.
Therefore, after the second clothing the Hamiltonian acquires the form:
( ) ( ) ( ) ( ) ( ) ( )2 3 3 3,c c F c g g F bH H H H R H Hα α  = + + + + 
( ) ( ) ( )4 4 4
, ...F renR H M T + + + +  , (2.17)
where we explicitly extract good operators
	
( ) ( ) 23 1
,
1
,
3g t g
H R V =   , (2.18)
corresponding to the observable processes in the third order and the bad ones:
( ) ( ) ( )23 1 3
,
,
1
,
3b ren restt b
H R V V = +  , (2.19)
which must be removed via the third order clothing UT.
2.4. Subsequent clothing transformations
In order to clean the total Hamiltonian (2.17) out of bad terms of the third
order it is now sufficient to require:
( ) ( )3 3
, 0b FH R H + =  , (2.20)
and repeat all analytical actions described in subsections 2.2 and 2.3.
Further, after elimination of the bad operators of the third order with use
of the correlation (2.20), the formal procedure of extracting and collecting the
mass-type operators in the fourth order and fixing the mass shifts in that order in
the coupling constant looks the same as the procedure of determining mass shifts
in the second order:
( ) ( )4 4
, ,
0
rren g M gM T+ = , (2.21)
( ) ( ) ( )4 4 4
, , , ,
0
rren b M b ren b restM T M+ ≡ ≠ , (2.22)


where the operators ( )4
,rM g
T
 and ( )4
,rM bT  include good and bad mass-type operators
comprising the operator ( )4T  (2.15). Now one can extract bad terms of the fourth
order in the Hamiltonian:
( ) ( ) ( )4 4 4
, , ,b ren b rest t bH M T= + , (2.23)
where ( )4
,t bT  are the bad transition operators in 
( )4T
 and remove them via the
fourth clothing UT by selecting the generator ( )4R  in accordance with the condi-
tion:
( ) ( )4 4
, 0b FH R H + =  . (2.24)
Proceeding with extracting and collecting bad operators of higher orders,
we fix the charge shift in the fifth order as a byproduct, similarly to the determi-
nation of that value in the third order:
( ) ( ) ( )5 5 5
,
0
rren V ren rest
V T V+ ≡ ≠ , (2.25)
where:
( ) ( ) ( ) ( ) ( ) ( )2 45 3 1 2 1 1
, ,
1 1 1
, , , , ,
2 3 30t g t g
T R R V R R V R V       = + +          
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )3 21 4 1 2 2 3 1 3
,
1 1
, , , ,
3! 2ren ren ren rest ren
R M R M R V R V       + + + +        . (2.26)
And so forth.
The exposed procedure of manipulating with one and the same initial
Hamiltonian (1.1) with the aim of obeying the conditions (1.10) and (1.11) via

the extraction of bad terms, collecting the similar ones and eliminating them
from the Hamiltonian can be generalized on the case of arbitrary order in the
coupling constant. Really, comparing the formulae (2.5), (2.13), (2.20) and
(2.24), we note that the generator of the n-order clothing UT ( )nR  should be de-
termined from the condition:
( ) ( )
, 0n nb FH R H + =  ,   1,2,...n = (2.27)
where ( )nbH  is the n-order bad term. However, one should bear in mind that in
general ( )nR  can be determined from the solution of equation (2.27) only after
all the generators ( )kR , 1,2,..., 1k n= − , are fixed because only in that case the
explicit form of the operator ( )nbH  is known. In other words, the exposed proce-
dure, by the construction, has a recursive character. That is why the structure of
the Hamiltonian in the n-order in the coupling constant cannot be explicitly
known before the corrections to the physical constants are fixed up to the n-
order and the bad terms up to that order are extracted and removed.
2.5. The clothing method vs. other approaches using unitary transforma-
tions
There exists a variety of different approaches in the RQFT which use the
formalism of UT’s (see, e.g., [9] and Refs. therein). Let us perform a compara-
tive analysis of physical and mathematical foundations of those of them the ap-
plication of which enables to construct the Hermitian relativistic operators of
few-body interactions, being energy independent, having off energy shell struc-
tures and originating on one and the same physical background.
Okubo [17] proposes to split the initial full Fock space of hadronic states
into the subspaces (sectors), depending on the described physical process. For
instance, in order to calculate the nucleon mass shift the one-nucleon subspace is
separated out of full space [7,18], to construct the operator for the NN

scattering the two-nucleon subspace is additionally extracted from remaining
part of full space [5,6,18-21], to analyze the process *N*N the remaining
space is further divided and the pion-nucleon sector is separated, and so forth.
As a result, the Hamiltonian operator appears reduced to the block-diagonal
form. Unfortunately, the described approach in that formulation leaves no possi-
bility of considering all the physical processes observed in nature. In particular,
one of the most important and interesting from the fundamental viewpoint proc-
esses of the new particle production at threshold (e.g., NN* 	
 
their treatment additional intellectual efforts. On should note, that the considered
method of splitting the space of states appears as the substitution of the initial
Hamiltonian by the other one which is unitarily equivalent to the former [22].
The generators of the corresponding subsequent transformations are, in fact,
chosen due to the condition that the new Hamiltonian is free from the operators
associated with physical processes with particle redistribution (transitions be-
tween sectors with different numbers of particles).
Heitler [23] has obtained the operator differential equation to which the
operator of his UT must obey in the interaction picture, if one focuses on the
elimination from the Hamiltonian of the operators corresponding to the “virtual”
processes (i.e., the processes which have no energy shell) that bring no contri-
bution to the S-matrix. Lee and Sato with collaborators [24,25] have shown that
the elimination of “virtual” operators form the Hamiltonian can be performed in
the Schrödinger picture too. As in case of Okubo transformation, the Heitler-
Lee-Sato transformation appears the substitution of the initial Hamiltonian by
the new one which is unitarily equivalent to the former.
In the Heitler-Lee-Sato approach one succeeds to avoid the most substan-
tial drawbacks peculiar to the Okubo method. In particular, the operators of
physical processes with particle redistribution are calculated alongside the op-
erators of other physical processes. It is important to note, that the operators of
real processes act in the full Fock space of hadronic states and originate from
one and the same initial Hamiltonian without any additional assumptions of
physical or mathematical character. At the same time one notes the “hidden” de-
pendence of the approach and the derived operators of physical processes on the

interaction energy. Really, for instance, the physical process ** →  has a
natural energy threshold below which it is virtual. Consequently, depending on
the energy of interaction, the operator of the given process must or must not be
removed from the Hamiltonian by some UT.
Analyzing the physical and mathematical foundations of the methods by
Okubo, Heitler-Lee-Sato and Greenberg-Schweber, one comes to the conclusion
that in the first two approaches the particles stay bare in spite of the UT’s per-
formed on them, and only the latter one operates with really clothed (i.e., in-
cluding the virtual effects, after Van Hove) particles. Along with that, the ex-
plicit analytical expressions for the operators of physical interactions found with
help of the described methods in the first non-vanishing orders in the coupling
constant appear algebraically the same while having quit different physical con-
tent.
From the mathematical viewpoint, the strongest condition imposed upon
the operators eliminated from the Hamiltonian is, obviously, the Okubo’s one.
So far the “virtual” processes can be generated not only by bad, after Greenberg
and Schweber, but also by good operators in the Hamiltonian the Heitler-Lee-
Sato’s requirement is weaker than the Okubo’s one but stronger than the adopted
by us Greenberg-Schweber’s condition. In other words, the class of operators
defined as “bad” is narrower that the class of “virtual” operators while the latter
appears narrower than the class of transition operators between sectors in Fock
space. One also emphasizes that in the Greenberg-Schweber approach the pro-
gram of renormalization of physical constants is performed automatically as a
byproduct of the clothing procedure along with the construction of the operators
of physical interactions.
From the physical viewpoint, the mentioned distinctions will obviously
manifest themselves in the details of mechanisms via which the physical proc-
esses between physical particles take place. The appearance of these distinctions
in the results for the observed values should be expected yet in the fourth order
in the coupling constant because namely in that order their appear first correc-
tions connected with the application of the forthcoming UT’s.

CHAPTER 3
VERTEX RENORMALIZATION
IN CLOTHED PARTICLE REPRESENTATION
3.1. The field-theoretical model
Let us implement the developed technique in the field-theoretical model
of scalar meson and charged spinless nucleon fields interacting via the three-
linear Yukawa-type coupling. The total Hamiltonian operator in this model has
the following form:
( ) F ren renH H V M Vα = + + + , (3.1)
( )3 † † 3 †F q q q q q k k kH d qE b b d d d k a aω= + +∫ ∫      , (3.2)
3 †
ˆ
. .
k
kV d k V a H c= +∫   , (3.3)
( )3 3 †
,
ˆ : , :k p k qi i j jV d pd q F V p q F= ∫    ,      †ˆ ˆk kV V −=  , (3.4)
( ) ( )
( )
( ), ,3/ 2 1/ 2, 2 8
k
i j i j
p q k
p q kgV p q
E E
δ
ε
π ω
− +
= −


 
 
,
,
1 1
1 1i j
ε
 
=    ,    i, j = 1, 2. (3.5)
Here we adopt the following denotation for the nucleon creation/destruction op-
erators:
†
−
 
=   
 

q q
i
q
b
F d , ( )† † −=

 
q
i q qF b d , (3.6)

 ( )†q qb b   and ( )†q qd d   are the creation (destruction) operators of nucleons
and antinucleons with the momentum q , respectively. Operators †qiF

 and qiF

satisfy the following commutation relations
( ) ( )1†, 1 ip qi j ijF F p qδ δ+  = − − 
 
 
,       i, j = 1, 2, (3.7)
which are generated by the usual commutation relations of Bose operators:
( )†,p qb b p qδ  = −      and ( )†,p qd d p qδ  = −     .
Creation (destruction) operators of mesons with the momentum k

,
( )†k ka a   satisfy the relation:
( )†,k ka a k kδ′ ′  = −     . (3.8)
The mass counterterm consists of the mesonic and nucleonic parts which
determine the meson 2 2 20δµ µ µ= −  and nucleon 2 2 20m m mδ = −  mass shifts, re-
spectively:
, ,ren ren mes ren nuclM M M= + , (3.9)
( )( )
1 2 1 2
1 2
3 3
2 † † †1 2
, 1 2 . .4
δµ δ
ω ω −
= − + +∫     ren mes k k k k
k k
d k d kM k k a a a a H c , (3.10)
( )2 3 3 †
, ,
: , : . .p qren nucl i i j jM m d qd p F M p q F H cδ= +∫    , (3.11)
( ) ( ),
,
,
8
i j
i j
q p
p qM p q
E E
δ
ε
−
=
 
 
, i, j = 1, 2. (3.12)
Here 2 2pE m p= +

 is the energy of a physical nucleon with the momentum p ,
2 2
k kω µ= +

 is the energy of a physical meson with the momentum k

, m  and

µ  are the corresponding physical masses of particles, while 0m  and 0µ  are their
bare counterparts.
The vertex counterterm ( ) ( )0renV V g V g≡ −  determines the correction of
the charge value 0g g gδ = −  where 0g  is the bare coupling constant and g  is
its observable counterpart:
( ) ( ) ( )
3 3 3
† †
,3/2 1/2 : : . .2 8
i j
ren p i j q k
p q k
g d kd pd qV p q k F F a H c
E E
δ δ ε
π ω
= − − + +∫    . (3.13)
3.2. Mass renormalization
In the model under consideration, bad terms ( )1bH  of the first order coin-
cide with the interaction operators V (3.3). Assuming the generator of first
clothing ( )1R  replicating the structure of ( )1bH , the solution of Eq. (2.5) acquires
the form:
( )1 3 †
ˆ
. .
k
kR d k R a H c= −∫   , (3.14)
( )3 3 †
,
ˆ : , :
k p k q
i i j jR d pd q F R p q F= ∫    (3.15)
( ) ( ) ( ) ( ), , 1 1
1
, ,
1 1
k k
i j i j i j
p q k
R p q V p q
E E ω+ +
= −
− − − +
 
   
, i, j = 1, 2. (3.16)
Such choice of the generator ( )1R  allows cleaning of the Hamiltonian (3.1)
out of g1-order bad terms.
Using the recipe of the paragraph 2.3, to implement the second clothing
UT we have to collect operators in the 2g  order. The expression for the com-
mutator ( )1 ,R V    of the second order is as follows:
( )1 3 3
1 2,R V d k d k  =  ∫

( )2 1 2 1 2 1
1 2 2 1
† † †
1 2
ˆ ˆ ˆ ˆ ˆ ˆ
, , . .
k k k k k k
k k k ka a R V a a R V k k R V H cδ
− −    × + − − +    
     
   
 
. (3.17)
Using the Table 1 and the normal ordering, one can represent the com-
mutator ( )1 ,R V    as the sum of operators of different types, namely, good and
bad transition operators and meson and nucleon mass-like operators, respec-
tively:
( ) ( ) ( ) ( ) ( )1 1 1 1 1
, , , ,
, , , , ,
r rt g t b M mes M nucl
R V R V R V R V R V         = + + +          . (3.18)
Actually, besides these operators the commutator ( )1 ,R V    contains the constant
value providing the vacuum energy renormalization in the second order in the
coupling constant. However, this problem is out of scope of the present work.
In the partition (3.18), the operators comprising ( )1
,
,
t g
R V    are the ones
associated with the observable processes in the second order in coupling con-
stant (see also [9]):
( )1
,
1
,
2 t g
R V  =  ( ) ( ) ( ) ( ) ( ) ( )2 2 2NN NN + NN NN + NN NNH H H→ → →
( ) ( ) ( ) ( ) ( ) ( )2 2 2* * * *  **H H H+ → + → + ↔ , (3.19)
where we adopt the transparent denotations for nucleon (N), antinucleon ( N )
and meson (* ).
Operators of nucleon (antinucleon) – nucleon (antinucleon) interactions in
the second order in g look as follows:
( ) ( )2 NN NNH → 3 3 3 32 2 1 1d p d q d q d p= ∫

( ) ( ) 2 1 2 1NN NN † †2 1 2 1 1 1 1 1, ; , . .p q q pV p q q p F F F F H c→× +       ,
( ) ( ) ( ) ( )1 1NN NN 32 1 2 1 1 1,1 2 2 1,1 1 11, ; , , ,2
k kV p q q p d k R p q V p q→ = − ∫          ; (3.20)
( ) ( )2 NN NNH → 3 3 3 32 2 1 1d p d q d q d p= ∫
( ) ( ) 2 1 1 2NN NN † †2 1 1 2 2 2 2 2, ; , . .q p q pV q p q p F F F F H c→× +       ,
( ) ( ) ( ) ( )1 1NN NN 32 1 1 2 1 2,2 2 2 2,2 1 11, ; , , ,2
k kV q p q p d k R p q V p q→ = − ∫          ; (3.21)
( ) ( )2 NN NNH → 3 3 3 32 2 1 1d p d q d q d p= ∫
( ) ( ) 2 1 2 1NN NN † †2 1 2 1 1 2 1 2, ; , p p q qV p p q q F F F F→×        ,
( ) ( )NN NN 2 1 2 1, ; ,V p p q q→ =   
( ) ( ) ( ) ( )1 1 1 13 1 1,1 2 2 2,2 1 1 2,2 1 1 1,1 2 21 , , , ,2
k k k kd k R p q V p q R q p V q p − + ∫           
( ) ( ) ( ) ( )1 1 1 13 1 1,2 2 1 1,2 2 1 2,1 1 2 2,1 2 11 , , , ,2
k k k kd k R p p V q q R q q V p p − + ∫            . (3.22)
Operators of the processes of creation (destruction) of two mesons from
(into) the nucleon-antinucleon pair are:
( ) ( )2 3 3 3 31 2NN **H d k d k d qd p↔ = ∫
( ) ( )
1 2
NN  † † †
1 2 2 2, ; , . .
p q
k kV k k p q F F a a H c
↔
× +
 
 
 
 
,
( ) ( )NN  1 2, ; ,V k k p q↔ =   
( ) ( ) ( ) ( ) ( )1 2 1 21 3 1 2, 1 ,2 1 2, 1 ,2 11 1 , , , ,2
i k k k k
i i i id q R q q V q p V q q R q p
+  = − − ∫            . (3.23)
	
Operators of the meson – nucleon (antinucleon) scattering are given by
the expressions:
( ) ( )2 3 3 3 31 2 H d pd k d pd k→ = ∫
( ) ( )
1 2
  † †
1 2 1 1, ; , . .
p q
k kV p k q k F F a a H c
→× +
 
 
 
 
,
( ) ( )  1 2, ; ,V p k q k→ =  
( ) ( ) ( ) ( ) ( )2 1 1 21 3 1 1, 1 ,1 1 1, 1 ,1 11 1 , , , ,2
i k k k k
i i i id q R p q V q q R p q V q q
+
− = − − ∫            ; (3.24)
( ) ( )2 3 3 3 31 1 2 2 H d p d k d p d k→ = ∫
( ) ( )
1 2
  † †
1 2 2 2, ; , . .
p q
k kV p k q k F F a a H c
→
× +
 
 
 
 
,
( ) ( )  1 2, ; ,V p k q k→ =  
( ) ( ) ( ) ( ) ( )2 1 1 21 3 1 2, 1 ,2 1 2, 1 ,2 11 1 , , , ,2
i k k k k
i i i id q R p q V q q R p q V q q
+
− = − − ∫            , (3.25)
where the summation over the repeating indices is assumed.
The commutator ( )1
,
,
t b
R V    consists of bad transition operators (e.g.,
† † †b b d b , † † †b ba a ) which are to be eliminated from the Hamiltonian via the sec-
ond clothing UT.
Further, collecting the mass-like operators of the second order in g, one
can fix the mass shifts. Let us write down the mass-like operators of the second
order in the coupling constant contained in the commutator ( )1 ,R V   :
( ) ( )
1 2 2 1
1 3 3 3 3 † † †
1 2
,
,
r
k k k kM mes
R V d k d k d qd p a a a a
−
  = +  ∫    
( ) ( ) ( ) ( )2 1 1 22,1 1,2 2,1 1,2, , , , . .k k k kR p q V q p V q p R p q H c− − × − + 
   
        (3.26)


( )1 3 3
1 2
,
,
rM nucl
R V d p d p  =  ∫ ( ) 2 12 1 2 1†, 2 1, . .p pi i i iO p p F F H c+   , (3.27)
( ) ( ) ( ) ( ) ( )
2 1 2 1 1 2
3 3
, 2 1 ,1 2 1, 1 2, 1 ,2 2, , , , ,
k k k k
i i i i i iO p p d qd k R p q V q p R q p V p q− − = − + ∫              .(3.28)
Note that the kernel (3.28) of the operator (3.27) is independent of the in-
dices of nucleon creation/destruction operators and can be expressed through the
matrix 
,i jε :
( ) 2 1
2 1 2 1
†3 3
1 2 , 2 1, . .
p p
i i i id p d p O p p F F H c+∫   
( ) ( ) 2 1
2 1 1 2 2 1
†3 3
1 2 , 2 1 , 1 2, ,
p p
i i i i i id p d p O p p O p p F F ≡ + ∫     
( ) 2 1
2 1 2 1
†3 3
1 2 1,1 2 1, . .
p p
i i i id p d p O p p F F H cε= +∫    , (3.29)
so that the expression for ( )1
,
,
rM nucl
R V    reaches the form:
( )1 3 3 3 3
1 2
,
,
rM nucl
R V d p d p d kd q  = −  ∫
( ) ( ) ( ) ( )2 1
2 1 2 1
†
1,1 2 1,1 1 2,1 2 1,2 1, , , , . .
p p k k k k
i i i iF F R p q V q p R p q V q p H cε
− − × + + 
   
         
. (3.30)
According to Eqs. (2.8) and (2.9), to fix the mass shifts we require:
( )1
, ,
, ,
1
, 0
2
  + = 
r
ren g mesM g mes
R V M , (3.31)
( )1
, ,
, ,
1
, 0
2
  + = 
r
ren g nuclM g nucl
R V M , (3.32)
after which it appears in our model that

( )2
, ,
0ren b restM = . (3.33)
Using the conditions (3.31) and (3.32), we obtain the expressions for the
shifts of particle masses:
( ) ( ) ( ) ( ) ( )1 12 3 3 31 2,1 1,2 2,1 1,24 , , , ,k kk kkk d k d pd q V q p R p q R p q V q pδµ ω − − = − ∫            , (3.34)
( ) ( ) ( ) ( ) ( )2 3 3 31 1,1 1 1,1 2,1 1 1,28 , , , ,k k k kpm p E d p d qd k R p q V q p R p q V q pδ − − = + ∫             . (3.35)
By means of simple algebraic transformations these expressions can be
brought to the explicitly covariant forms, providing the momentum independ-
ence of the mass shifts and coincidence with the respective results derived in the
Dyson-Feynman covariant formalism:
( ) ( ) ( ) ( )
2 3 2
2 2
3 2 4,0,0,0 2 4p
g d pk E pk
µδµ δµ µ
π µ
 
= =  
− ∫ , (3.36)
( ) ( ) ( )
2 32 2
3 2
1
,0,0,0
22 k
g d km p m m
pk
δ δ
ω µπ
= =
− +∫
( )
2 3
3 2 2
1
2 22 k
g d k
E m pkµπ
+
− +∫ , (3.37)
where ( ),pp E p=  , ( ),kk kω=  .
The expressions for the mass shifts in the field-theoretical model includ-
ing the scalar mesons and the nucleons with spins were first obtained with help
of the formalism of the clothing UT in Refs. [9,10].

3.3. Coupling constant renormalization
The charge shift can be obtained after collecting vertex-like operators in
the third order in g (2.16). The commutator ( ) 21 ,R V    in the model under study
has the form:
( ) 21 3 3 3
1 2 3,R V d k d k d k  =  ∫
( ) ( )
1 2 3 3 2 1
† † † † †
1 3 2 1 2 3 2 1
ˆ ˆ
, , , ,k k k k k ka a a k k k a a a k k k× Φ + Φ      
     
( ) ( )
2
†
3 1 2 1 3
ˆ , . .ka k k k k H cδ + Φ − +
   
, (3.38)
where:
( ) 3 2 11 3 2 1ˆ ˆ ˆ ˆ, , , ,k k kk k k R R V  Φ =   
    
, (3.39)
( ) 3 3 32 1 1 2 1 2††2 3 2 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ, , , , , , , ,k k kk k k k k kk k k R R V R R V R R V− −        Φ = − −        
       
  
,
(3.40)
( ) 1 2 1 2 1 1 1 2 1†3 1 2 ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ , 2 , , 2 ,k k k k k k k k kk k R R V R R V R R V− −     Φ = − − −     
         
1 1 2 1 2 1 2 1 1
†† †
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ
, , ,
k k k k k k k k kR R V R V R R R V−     − − −     
        
. (3.41)
After normal ordering, the commutator ( )
21
,R V    can be represented as
the following partition into the operators of different types:
( ) ( ) ( ) ( )2 2 2 21 1 1 1
, ,
, , , ,
r
V t b t g
R V R V R V R V       = + +        .
The commutator ( )
21
,
,
t g
R V    includes all operators of the observable proc-
esses of the third order in the meson-nucleon system [4]:

( ) ( ) ( ) ( ) ( )21 3 3
,
1
, NN *  *
3 t g
R V H H  = ↔ + ↔ 
( ) ( ) ( ) ( ) ( ) ( )3 3 3NN * * ** * **H H H+ ↔ + ↔ + ↔
( ) ( ) ( ) ( )3 3NN *** * **H H+ ↔ + ↔
( ) ( ) ( ) ( )3 3NNN *  *H H+ ↔ + ↔ . (3.42)
For example, let us write down some of these operators:
( ) ( )3 3 3 3 3 32 2 1 1NN H d p d q d p d q d k↔ = ∫
( ) ( ) 1 2 1 2NN  † † †1 2 1 2 1 1 1 1, , ; , . .p p q q kV p p k q q F F F F a H c↔× +        ,
( ) ( ) ( )
1
NN  3 3
1 2 1 2 1
1
, , ; ,
3
j
V p p k q q d k d q
+
↔ −
= ∫   
( ) ( ) ( ){ ( ) ( ) ( )1 1 1 11,1 2 2 1, 1 1, 1 1,1 2 2 1, 1 ,1 1, , , 2 , , ,k k k k k kj j j jV p q R p q R q q R p q R p q V q q−− ⋅ − ⋅                
( ) ( ) ( )1 11,1 2 2 1, 1 1, 1, , ,k k kj jR p q V p q R q q− ⋅
  
     
( ) ( ) ( ) ( ) ( ) ( )1 1 1 11,1 2 2 1, 1 ,1 1 1,1 2 2 1, 1 ,1 1, , , 2 , , ,k k k k k kj j j jV p q R p q R q q R q p R p q V q q−− ⋅ − ⋅
     
           
( ) ( ) ( )1 11,1 2 2 1, 1 ,1 1, , ,k k kj jR q p V p q R q q+ ⋅
  
     
( ) ( ) ( ) ( ) ( ) ( )1 1 1 11,1 2 2 1, 1 ,1 1 1,1 2 2 1, 1 ,1 1, , , 2 , , ,k k k k k kj j j jV p q R p q R q q R p q V p q R q q− −+ ⋅ + ⋅
     
           
( ) ( ) ( )1 11,1 2 2 1, 1 ,1 1, , ,k k kj jR q p R p q V q q− ⋅
  
     
( ) ( ) ( ) ( ) ( ) ( )1 1 1 11,1 2 2 ,1 1 ,1 1 1,1 2 2 1, 1 ,1 1, , , 2 , , ,k k k k k kj j j jV p q R q p R q q R q p V p q R q q+ ⋅ + ⋅
     
           
( ) ( ) ( )}1 11,1 2 2 ,1 1 ,1 1, , ,k k kj jR p q R q p V q q+ ⋅        . (3.43)
( ) ( )3 3 3 3 3 31 2 1 2 3NN H d p d p d k d k d k↔ = ∫
( ) ( ) 2 1
3 2 1
NN  † † † †
3 2 1 2 1 2 1, , ; , . .
p p
k k kV k k k p p F F a a a H c
↔
−
× +
 
  
  
 
,

( ) ( ) ( )NN  3 33 2 1 2 1 1, , ; , 3
j i
V k k k p p d pd q
+
↔ −
= ∫    
( ) ( ) ( ) ( ) ( ) ( ){ 3 32 1 1 22, 2 , ,1 1 2, 2 , ,1 1, , , 2 , , ,k kk k k ki i j j j j i iR p p R p q V q p R p q V q p R p p− −× −               
( ) ( ) ( )}31 22, 2 , ,1 1, , ,kk ki i j jV p p R p q R q p−+        . (3.44)
Operators contained in ( )
21
,
,
t b
R V    (e.g., † † † †b ba a a , †bbdda ) must be
eliminated from the Hamiltonian by the third clothing UT.
Besides the bad transition operators of the third order, the Hamiltonian
contains the vertex-like operators of the third order which, after collecting and
fixing the value of the coupling constant shift, have to be eliminated. After the
normal ordering of the nucleonic operators in 1 3
3
,†
3
ˆ
k k
ka Φ
 
 , we separate the vertex-
like operators of the 3g -order:
( ) ( ) ( )2 21 1, ,
r r
V V
R V R V ChargeRen   =   
( ) ( ) ( ) ( )2 21 1, ,
r r
V V
R V LegRenMes R V LegRenNucl   + +    . (3.45)
In this sum the first item corresponds to the vertex clothing (charge renormali-
zation) in the third order, while the second and third ones are responsible for the
renormalization of the meson and nucleon wave functions (leg renormalization).
Commutator ( ) ( )1 2, renR M    in the considered model contains only the vertex-like
operators corresponding to the wave function renormalization. As we will show,
all of these operators (with the account for the results of mass renormalization in
the second order (3.34), (3.35)) are cancelled via the vertex-like operators in
( ) ( )21 ,
r
V
R V LegRenMes    and ( ) ( )
21
,
r
V
R V LegRenNucl   .

Operators responsible for the renormalization of the meson wave function
have the form:
( ) ( )21 3 3 3,
r
V
R V LegRenMes d kd pd q  =  ∫
[ ( ) ( ) ( ) ( )1 2, ,3 , , , ,i j i jI p q k I p q k × +      † † . .i jp q kF F a H c+  , (3.46)
( ) ( )1 3 3 3, 1 1 1, ,i jI p q k d p d q d k= ∫ 
( ) ( ) ( ) ( ) ( ) ( )1 1 1 1
, , 1,1 1 1 1, 1 1 1 1,1 1 1 1, 1 1 1, , , , , ,
k k k kk k
i j j iR p q R q p V q p R p q R q p V p q− −
− − − −
   × + −   
    
           
( ) ( ) ( )
1
3 2
1 , , 1
1
, ,
4
k k
i j j i qd q R p q R q p qω δµ− = + ∫      , (3.47)
( ) ( )2 3 3 3, 1 1 1, ,i jI p q k d p d q d k= ∫ 
( ) ( ) ( ) ( ) ( )1 1 1
, 1, 1 1 1 1, 1 1 1 1,1 1 1 1,1 1 1, , , , ,
k k kk k
i jV p q R p q R p q R p q R p q
− − − −
 × − 
   
         
. (3.48)
Having derived the commutator
( ) ( )1 2 3 3 3 3
, 1 1 1
1
,
4ren mes
R M d k d p d q d k  = −  ∫
( ) ( ) ( )1 1 1 1 1 2, 1 1 , 1 1 1, ,k ki j j i kR p q R q p kω δµ− × + 
 


   
1 1
1 1
† †
. .
p q
i j kF F a H c+
 
 , (3.49)
we see that it is totally cancelled by the first part (3.47) of the operator
( ) ( )21 ,
r
V
R V LegRenMes   . The remaining terms (3.48) enter the operator ( )3 ,ren restV
(2.16) and will be eliminated from the Hamiltonian via the third clothing UT.
Operators responsible for the renormalization of the nucleon wave func-
tion are as follows:

( ) ( )21 3 3 3,R V LegRenNucl d pd qd k  =  ∫
( ) ( ) ( ) ( )1 2 † †, ,3 , , , , . .p qi j i j i j kO p q k O p q k F F a H c × + +         , (3.50)
( ) ( ) ( ) 1 11 3 3 3, 1 1 1, , 1 ii j ijO p q k d k d p d qε+= − ∫ 
( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 1 1 1 11 1, , , , , ,1, ,1 2,1 1 1,2 1 1,1 1 1,1 1p p p p q q p q q q q pi iR k R k R k V k R k V k   × + +                   
( ) ( ) ( ) ( )1 1 1 11 3 , , 2, 1 1, ,1 111 8i p q q pi j i i kd k R k R k E m kε δ+  = − + ∫
   
 
, (3.51)
( ) ( ) ( ) 1 12 3 3 3, 1 1 1, , 1 ii jO p q k d k d p d q+= − ∫ 
( ) ( ) ( ) ( ) ( ){ 1 1 1 1 1 1 11 1 1, , , , ,,2 1 ,2 1 1, 1 1, 1 ,p p q p p p p q q qi i i i i jR k R k R k R k V k × −              
( ) ( ) ( ) ( ) ( ) }1 1 1 1 1 1 11 1 1, , , , ,, ,2 1 ,2 1 1, 1 1, 1p q q p q p p q p qi i i j i jV k R k R k R k R k + −               . (3.52)
Having derived the commutator
( ) ( ) ( ) 11 2 3 3 3 3
, 1
1
, 1
8
i
ren nuclR M d k d pd pd k  = −  ∫
( ) ( ) ( )1 1 1, , 2 † †1, ,1 1 . .p q q p p qi i k i ij j kR k R k E m k F F a H cδ ε × + +          , (3.53)
we see that it is totally canceled with the respective operators contained in
( ) ( )21 ,R V LegRenNucl   . Remaining operators in ( ) ( )
21
,R V LegRenNucl    enter
the operator ( )3
,ren restV  (2.16).
Let us extract the operator ( ) ( )21 ,
rV
R V ChargeRen    which is responsible
for the charge renormalization from the commutator ( )
21
,R V   :

( ) ( )21 3 3 3,
rV
R V ChargeRen d pd qd k  = −  ∫
( ) † †, , , . .p qi j i j kJ p q k F F a H c× +    , (3.54)
( ) 3 3 3, 1 1 1, ,i jJ p q k d p d q d k= ∫ 
( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 1 1 1 1, , , , , ,,1 1 1,1 1, 1 ,1 1 1,2 2, 12p p p q q q p p p q q qi j i jR k R k V k R k R k V k× − − + −                 
( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 1 1 1 1, , , , , ,,2 1 2,1 1, 1 1, 1 1,1 1, 1p p p q q q p p p q q qi j i jR k R k V k R k R k V k− − −                
( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 1 1 1 1, , , , , ,1, 1 1,2 2, 1 2, 1 2,1 1, 12 p p p q q q p p p q q qi j i jR k R k V k R k R k V k+ −                
( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 1 1 1 1, , , , , ,,2 1 2,2 2, 1 ,1 1 1,2 2, 12p p p q q q p p p q q qi j i jV k R k R k V k R k R k− − + −                
( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 1 1 1 1, , , , , ,,2 1 2,1 1, 1 ,2 1 2,2 ,2 1p p p q q q p p p q q qi j i jV k R k R k V k R k R k− − − −                
( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 1 1 1 1, , , , , ,,1 1 1,2 ,2 1 ,2 1 2,1 ,1 12 p p p q q q p p p q q qi j i jV k R k R k V k R k R k+ − −                
( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 1 1 1 1, , , , , ,,1 1 1,2 ,2 1 ,2 1 2,2 ,2 12p p p q q q p p p q q qi j i jR k V k R k R k V k R k− +                
( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 1 1 1 1, , , , , ,1, 1 1,2 2, 1 1, 1 1,1 1, 12p p p q q q p p p q q qi j i jR k V k R k R k V k R k− +                
( ) ( ) ( )1 1 1 1, , ,2, 1 2,1 1, 1 . .p p p q q qi jR k V k R k H c− +        . (3.55)
The operator structure of the expression (3.54) repeats the structure of the
vertex counterterm renV  but the kernels of these operators are different. Com-
paring the matrix elements of the kernel of operator (3.54) corresponding to the
“diagonal” structures † †b ba  and † †dd a , we find them being equal, manifestly
confirming the CPT invariance of the model at hands. Thus, to fix the charge
correction we cancel the “diagonal” parts of the operators renV  (3.13) and
( ) ( )21 ,
r
V
R V ChargeRen    (3.54). As the “non-diagonal” parts of these operators

are bad anyway, they will enter the operator ( )3
,ren restV  collecting bad terms of the
third order which must be removed via the third clothing UT. This way we get
( )
( )
3 3
3
9 / 28 2 p k q k k
g d kg
E E
δ
ωπ ′ ′ ′− −
′
= ∫
( ) ( ){ 1,2 1,2 1,2 1,2 2,2 2,2, , , , , , , , , , , ,, , , ,q k q k p k q k k p k p k q k q k p k p k p k q k kD D D D D D′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′− − − − − − − −× ∆ − + ∆ − −
( ) ( )1,1 2,1 1,1 1,2 2,2 1,1, , , , , , , , , , , ,, , , ,q k q k p k q k k p k p k p k p k q k q k p k q k kD D D D D D′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′− − − − − − − −+∆ − + ∆ −
( ) ( )}1,1 2,1 2,2 1,1 2,1 1,1, , , , , , , , , , , ,, , , ,p k p k q k q k p k q k k q k q k p k p k p k q k kD D D D D D′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′− − − − − − − −+∆ − − + ∆ − ,(3.56)
where we adopt the following denotations : ( ) ( ), , 2 / 3a b c ab bc ac∆ = + −  and
( ) ( ) 11 1,
, ,
1 1i ji jp q k p q kD E E ω
−+ + = − + − +  , i, j = 1,2. Expression (3.56) has the 3-
momentum shell q p k= +

 
.
3.4 Mechanisms of the charge renormalization
Each of the six items in (3.56) exposes one of the six mechanisms via
which the charge renormalization holds in the third order in the coupling con-
stant (Fig. 1). Namely, the first item in (3.56) corresponds to the diagram a in
Fig. 1, the second item corresponds to the diagram b and so on. The direction of
arrows in Fig. 1 differs particles from antiparticles and has nothing to do with
the chronology of events because we work in the Schrödinger picture.
These diagrams are similar to those used in the old-fashioned perturbation
theory and their topology is conditioned only by the 3-momentum conservation
in each vertex. However, it appears that each such graph represents three alge-
braic structures comprising the expression (3.56). This means that the diagram-
matic language of the old-fashioned perturbation theory is too poor for repre-
senting all the algebraic details of our perturbation approach.
	
 aab
   c                                                      aadddad
   e                                                               naïf
Fig. 1. Graphical representation of the expression (3.56). Diagram a corresponds
to the first term in (3.56), diagram b corresponds to the second one and so on.
Arrows differ particles from antiparticles.
Being concerned much in having more deep penetration into the problem
of formation of the off-energy-shell structures in our perturbation approach, here
we are focused on finding an adequate graphical technique to represent our al-
gebra. Searching for the support in this question, we notice that each of the non-
covariant three-energy propagators ,
, ,
i j
p q kD  entering the expression for the charge
shift corresponds to that particular interaction vertex where the energy conser-


vation cannot hold (the propagator ,
, ,
i j
p q kD  has a pole). So, it is instructive to take
the graph typical of the old-fashioned perturbation theory and directly mark by
open circles the vertices corresponding to the three-energy propagators ,
, ,
i j
p q kD .
Following this guideline, we take each of the graphs shown in Fig. 1 and
decompose it into the three novel diagrams according to the assumption that the
energy conservation does not hold in two from three vertices appearing in the
third order in the coupling constant. As an example, in Fig. 2 we show such a
decomposition for the graph a from Fig. 1 and the respective algebraic struc-
tures.
Fig. 2. Diagram a from Fig. 1 decomposed into three novel graphs (on the left)
and the corresponding algebraic structures from Eq. (3.56).
1 1
q k q k p k q k kE E E Eω ω′ ′ ′ ′− − −
⋅
− + − +
1 1
p k q k k p k p kE E E Eω ω′ ′ ′ ′− − −
− ⋅
− + − +
2 1
q k q k p k p kE E E Eω ω′ ′ ′ ′− −
⋅
− + − +

To proceed further we make use of the fact that the amount of the old-
fashioned diagrams, which always represent the on-energy-shell contributions,
appears not enough to provide the one-to-one correspondence for our non-
covariant algebra. This means that the derived charge correction in the form
(3.56) is the function off the energy shell and we need to specify that part of Eq.
(3.56) which contains the actual value for the charge correction in question. To
do this we simply put Eq. (3.56) on the energy shell, looking for the following
decomposition:
( ) ( ) ( )3 3 3
on energy shell off energy shellg g gδ δ δ− − − −= + , (3.57)
where ( )3off energy shellgδ − −  goes to zero on the energy shell (i.e., if the energy conser-
vation is implied), while ( )3on energy shellgδ − −  gives us the desired result for the charge
correction. As is shown in the forthcoming section, the latter can be brought to
the explicitly covariant form that depends only on the Lorenz-scalar combina-
tions built of the particle momenta. After that the remaining part ( )3off energy shellgδ − −
enters the operator ( )3
,ren restV  and will be eliminated from the Hamiltonian.
3.5. Reduction of the expression for the charge shift to the explicitly co-
variant form
To find the contribution ( )3on energy shellgδ − −  to the Eq. (3.56) we put the latter
on the energy shell p q kE E ω= −  [14-16] and providing some transparent substi-
tutions of variables get:
( )
( ) ( )
3 3
3
1 2 3 4 5 69 / 28 2 p q k
g d kg I I I I I I
E E
δ
ωπ ′
′
= + + + + +∫ , (3.58)
where

2,2 2,1
1 , , , ,q p k q k q kI D D ′ ′−= − , 
2,1,1 1,1
2 , , , , ,q k p k k q p kI D D′ ′−= , 
2,1,1 2,1
3 , , , , ,q k p k k q k q kI D D′ ′ ′ ′− −= ,
1,1 1,1
4 , , , ,q p k q k q kI D D ′ ′−= , 
1,1,2 2,2
5 , , , , ,q k p k k q p kI D D′ ′−= − , 
1,1,2 1,1
6 , , , , ,q k p k k q k q kI D D′ ′ ′ ′− −= , (3.59)
q p k= +

 
 and the four-energy propagators are denoted as:
( ) ( ) ( )
, ,
, , , 1 1 1
1
1 1 1
i j l
p q k k i j l
p q k k
D
E E ω ω
′ + + +
′
≡
− + − + − +
, i, j, l = 1, 2. (3.60)
In striving to form the covariant structures from the three- and four-
energy non-covariant propagators, we turn to the following algebraic trick. First,
cut several propagators from (3.59) as follows:
3 7 8I I I≡ + ,
2,1 2,1
7 , , , ,q k q k q p kI D D′ ′−= ,          
2,1,1 2,1
8 , , , , ,q k p k k q p kI D D′ ′−= − , (3.61)
4 11 12I I I≡ + ,
1,1 1,2,2
9 , , , , ,q p k q k p k kI D D ′ ′−= ,       
1,1 1,2,2
10 , , , , ,q k q k q k p k kI D D′ ′ ′− −= − , (3.62)
5 9 10I I I≡ + ,
2,2 1,2
11 , , , ,q p k q k q kI D D ′ ′−= − ,       
1,1,2 1,2
12 , , , , ,q k p k k q k q kI D D′ ′ ′ ′− −= − . (3.63)
Then, perform the following assembling (with addition and simultaneous sub-
traction of the same term):
( )1 7 11 13 13I I I I I+ + + − =
( )( )2,1 1,2 2,1 2,2, , , , , , , ,q k q k q k q k q p k q p kD D D D′ ′ ′ ′− −= + − 13I− ,            1,2 2,113 , , , ,q k q k q p kI D D′ ′−= , (3.64)

( )2 8 9 14 14I I I I I+ + − − =
( )( )1,1 2,1 2,1,1 1,2,2, , , , , , , , , , 14q p k q p k q k p k k q k p k kD D D D I′ ′ ′ ′− −= − + − ,       1,2,2 2,114 , , , , ,q k p k k q p kI D D′ ′−= − , (3.65)
( )6 10 12 15 15I I I I I+ + + − =
( )( )1,1 1,2 1,1,2 1,2,2, , , , , , , , , , 15q k q k q k q k q k p k k q k p k kD D D D I′ ′ ′ ′ ′ ′ ′ ′− − − −= − − − , 1,2,2 1,215 , , , , ,q k p k k q k q kI D D′ ′ ′− −= . (3.66)
After all that, it only remains to see that the sum
13 14 15 0I I I+ + = , (3.67)
to find the following expression for the charge correction ( )3on energy shellgδ − − :
( )
( )
3 3
3
38 2on energy shell p k q k k
g d kg
E E
δ
ωπ
− −
′ ′ ′− −
′
= ∫
( )( ) ( )( )
22 q kk
q k q k q k q k p k q k k q k p k k
E
E E E E E E E E
ω
ω ω ω ω
′
−′
′ ′ ′ ′ ′ ′ ′ ′
− − − − − −

−
× ⋅
− + − + + − + − − +
( )( ) ( )( )
2 2q k k
q k p k k q k p k k p p k k p p k k
E
E E E E E E E E
ω
ω ω ω ω
′
− ′
′ ′ ′ ′ ′ ′ ′ ′
− − − − − −
−
+ ⋅
+ + − + + − + + − +
( )( ) ( )( )
2 2q k p k
q k q k q q k k p p k k p p k k
E E
E E E E E E E Eω ω ω ω
′ ′
− −
′ ′ ′ ′ ′ ′ ′ ′
− − − −

− −
+ ⋅ 
+ + − + + + − + 
, (3.68)
or in other form
( )
( )
3 3
3
38 2on energy shell p k q k k
g d kg
E E
δ
ωπ
− −
′ ′ ′− −
′
= ∫

( ) ( )2 22 2
22 p kk
q k q k q k k p k
E
E E E E
ω
ω ω
′−′
′ ′ ′ ′
− − −
× ⋅
− − − −
( ) ( )2 22 2
2 2q k k
p k k q k p p k k
E
E E E E
ω
ω ω
′
− ′
′ ′ ′ ′
− − −
+ ⋅
+ − − −
( ) ( )2 22 2
2 2q k p k
q k q k p k p k
E E
E E E Eω ω
′ ′− −
′ ′ ′ ′
− −
+ ⋅ + − + − 
, (3.69)
determined on the 4-momentum shell q p k= + . Each of the items in the expres-
sion (3.69) can be presented in the explicitly covariant form via implementing
several simple algebraic transformations. Really, let us consider the first term in
Eq. (3.69):
( ) ( )
3
2 22 2
22 p kk
p k q k k q k q k q k k p k
Ed k
E E E E E E
ω
ω ω ω
′
−′
′ ′ ′
− −
′ ′ ′ ′− − −
′
⋅
− − − −
∫
( ) ( )
3
2 2 2
1 14
2 2 2 2 2q k q k q q k k
d k
E m E E q k q E q k kµ µ ω′
− ′ ′
− −
′
= − ⋅ ⋅
′ ′− + − − − + −
∫      . (3.70)
Providing the substitution of the integration variable p q k ′= −

 
 and introducing
the 4-momenta ( ),qq E q=  , ( ),kk kω=  , ( ),pp E p=  , we set the equation:
( ) ( )
3
2 22 2
22 p kk
p k q k k q k q k q k k p k
Ed k
E E E E E E
ω
ω ω ω
′
−′
′ ′ ′
− −
′ ′ ′ ′
− − −
′
⋅
− − − −
∫
3
2 2 2
1 14
2 2 2p
d p
E m pq pkµ µ
= − ⋅
− + −∫ , (3.71)

where p qpq E E pq= −
 
 and p kpk E pkω= −


. Applying such a recipe for other
two items in (3.69), we find the following explicitly covariant expression for the
charge correction [11-13]:
( )
( )( )
3 3
3
3 2 2 2
1 1
2 (2 ) 2 2 2on energy shell p
g d pg
E p k m p p
δ
π µ µ− −
′
 ′
= − +
′ ′− − −∫
( )( )
3
2 2
1
2 2k
d k
k p k qω µ µ′
′
− +
′ ′+ +∫ ( )( )
3
2 2 2
1
2 2 2p
d p
E p k m p qµ µ′
′
′ ′+ − +∫ , (3.72)
where ( ),pp E p′′ ′=  , ( ),kk kω ′′ ′=  . The respective result for the charge correc-
tion in the model of nucleons with spins has been derived in [14-16].
3.6. Clothed particle representation vs. old-fashioned perturbation theory
In this section we are going to establish some general links between the
perturbation series appearing in the unitary clothing transformation approach
and the series typical of the old-fashioned perturbation theory (OFPT). Here we
should bear in mind that the OFPT, being explicitly not covariant, is in fact
equivalent to the purely covariant time-dependent Dyson-Feynman perturbation
theory. So, if we succeed in striving to find certain common ground for both the
clothing approach and the OFPT we immediately get the proof of the covariance
and, therefore, the momentum independence of the charge shift derived in this
work. The OFPT originates from the Lippmann-Schwinger equation for the t-
matrix in the form [26]:
3
0
lim
i k
f V k k t if t i f V i d k
E E iε ε→+
= +
− +∫ , (3.73)

where i , f  and k  are the eigenstates of the free Hamiltonian FH  with the
energies iE , fE  and kE , respectively; V is the interaction operator in the de-
composition FH H V= + . Symbol 3d k∫  denotes integration and summation
over all possible momenta and spin variables (if any) of the particles in the in-
termediate state k . Iterations of the Eq. (3.73) give the perturbative series for
the t-matrix:
3
0
lim
i k
f V k k V if t i f V i d k
E E iε ε→+
= +
− +∫
( )( )1 1 22
1 1 2 23 3
1 20
1 20
lim ...
i k i k
f V k k V k k V i
d k d k
E E i E E iε
ε
ε ε→+
→+
+ +
− + − +∫ . (3.74)
The series in the multiple commutators that appear in the Hamiltonian af-
ter the first clothing transformation, sandwiched between the same initial and
final states, look as follows (to set link with Eq. (3.74) we simply omit respec-
tive counterterms):
( ) [ ] 1
1 2
1
,
!
nn
n n
nf H i f H i f V i f R V i
n
∞ ∞
−
= =
−
= = +∑ ∑
( )1 11
2 0
1 1
!
n
k k n k k
n
n k
nf V i C f R VR i
n
∞ −
− −
−
= =
−
= + −∑ ∑ . (3.75)
Further we need to compare the terms of the equal orders in the interac-
tion operator V  in the r.h.s. of Eqs. (3.74) and (3.75). The first terms obviously
coincide, so we turn to the second ones. Using the integral representation for the
generator R  of the first clothing transformation (see [4,9]):
( )
0
0
lim tR i dte V tε
ε
∞
−
→+
= − ∫ , (3.76)

where ( ) F FiH t iH tV t e Ve−=  is the interaction operator in the Dirac picture, we find
in the second order in V :
( ) ( ) ( )2
0
0
1 lim
2 2
tif H i f RV VR i dt e f V t V VV t iε
ε
∞
−
→+
= − = − −∫ .(3.77)
Bearing in mind that all states we operate with are, by definition, the eigenstates
of FH , e.g., fF
iE tiH tf e f e=  and iF iE tiH te i e i= , and applying the unity op-
erator 3d k k k∫  with the full set of states, we find:
( )2f H i ( ) ( ){ }3 0
0
lim
2
f k k ii E E i t i E E i ti d k f V k k V i dt e eε ε
ε
∞
− +
− +
→+
= − −∫ ∫ . (3.78)
Providing the integration over time, we arrive at:
( )2f H i 3
0
1 1 1lim
2 i k f k
d k f V k k V i
E E i E E iε ε ε→+
 
= +  
− + − + ∫ . (3.79)
Now, to get link with the second term in the r.h.s. of Eq. (3.74) it is sufficient to
require the energy conservation i fE E= :
( ) ( )2 2
i fE E
f H i f t i
=
= , (3.80)
where ( )2 3
0
lim
i k
f V k k V i
t d k
E E iε ε→+
=
− +∫ .
This observation means that the following value

3
0
1 1 1lim
2 i k f k
d k f V k k V i
E E i E E iε ε ε→+
 
−  
− + − + ∫ , (3.81)
which distinguishes our perturbation approach from the OFPT in the second or-
der in V  conditions the appearance of the second order off-energy-shell struc-
tures in the respective operators of physical interactions in a natural way. It is
important to emphasize that these structures clearly cannot appear when calcu-
lating the t-matrix via the Dyson-Feynman method.
In the r.h.s. of Eq. (3.75) the matrix element of the third order in V  has the
form:
( )3 1 2
3
f H i f RRV RVR VRR i= − +
( ) ( ) ( ) ( ) ( ) ( ) ( )1 2
1
2
1 2 1 2 1 2 1 20
0 00
1 lim 2
3
tdt dt e f V t V t V V t VV t VV t V t iε ε
ε
ε
∞ ∞
− +
→+
→+
= − − +∫ ∫ . (3.82)
Following the same recipe that was used for the calculations of the matrix ele-
ment ( )2f H i , we find
( )3f H i
1
2
3 3
1 2 1 1 2 20
0
1 lim
3
d k d k f V k k V k k V i
ε
ε
→+
→+
= ∫
( )( ) ( )( )
1 1 2 1 21 2 1 2
1 2
f k k k f k k iE E i E E i E E i E E iε ε ε ε
× −
− + − + − + − +
( )( )
1 2 21 2
1
k k k iE E i E E iε ε
+
− + − + 
. (3.83)
Further, imposing the requirement of energy conservation, we get the link:
	
( ) ( )3 3
i fE E
f H i f t i
=
= , (3.84)
where ( ) ( )( )1 1 22
3 1 1 2 23 3
1 20
1 20
lim
i k i k
f V k k V k k V i
t d k d k
E E i E E iε
ε
ε ε→+
→+
=
− + − +∫ .
Proceeding this way to an arbitrary order of V , we can note the general
relation:
( ) ( )
i f
n n
E E
f H i f t i
=
= . (3.85)
The difference ( ) ( )n nf H i f t i−  obviously carries out the off energy shell
contributions in ( )nf H i .
We see that the perturbation series that arises in our approach after the
first clothing transformation coincides on the energy shell with the series for the
t-operator in the OFPT. This means that the analytical expressions for the mass
and charge shifts and the operators of physical processes derived in the first non-
vanishing orders in the coupling constant in the method of unitary clothing
transformations will coincide on the energy shell with the respective expressions
found within the covariant Dyson-Feynman perturbation theory and no addi-
tional detailed proof is necessary.
At the same time, as we have shown, starting form the fourth order in the
coupling constant, the actual matrix elements of the t-operator derived in our
approach will differ from those ones found with help of Feynman rules. In fact,
the second and subsequent clothing transformations will bring on additional
contributions to the total Hamiltonian, generating new off-energy-shell-
structures in the operators of physical processes and providing more consistent
consideration of the relativistic effects in the respective scattering amplitudes.


CHAPTER 4
DISCUSSION OF THE FOUNDATIONS
OF THE UNITARY CLOTHING TRANSFORMATION METHOD
AND THE RESULTS OF ITS APPLICATION
In the present master thesis the unitarily equivalent formulation of the
quantum field theory after Greenberg and Schweber [1], in which several essen-
tial difficulties typical of conventional relativistic quantum theories of interact-
ing fields are avoided thanks to the reformulation of one and the same total field
Hamiltonian operator on new Fock space of clothed (physical) hadronic states, is
investigated.
Two fundamental difficulties of traditional formulations of quantum field
theory are mirrored in the structure and properties of operators usually dealt
with. The first difficulty is connected with the assumption of the local character
of interactions between fields and conditions the appearance of divergences both
in, e.g., the operators performing mass renormalization and the operators of
physical interactions. The usual way to overcome this drawback is the introduc-
tion of some Lorenz-scalar functions (phenomenological cut-off form-factors) in
each interaction vertex, the existence of which does not violate basic symmetries
of the theory (e.g., C, CP, CPT, etc., depending on the type of interaction), and,
of cause, provides the convergence of all the integrals determining the observ-
able values. It is clear that there are no fundamental reasons for choosing some
particular form of such functions in the framework of, say, quantum mesody-
namics. However, one should not expect that the successes in quantum chromo-
dynamics will help solving the problem in future. Apparently, the only way out
from this situation could be more deep investigation of any possible attempts to
develop the theories of non-local fields and non-local interactions between them.
Unfortunately, the problems of obeying the basic symmetries in such theories
are still open.

The second difficulty originates from the very structure of the field theory
itself even before the procedure of canonical quantization (e.g., after Dirac).
Really, all couplings between classical fields, permissible by the special relativ-
ity, under quantization, i.e. replacing the classical fields by the operators and
there further expansion into plane waves, generate, after the normal ordering, all
of the combinatorially possible combinations of the creation/destruction opera-
tors. This fact argues, at least intuitively, in favor of Weinberg’s statement that
any operator in the Hilbert space of states of field quanta can be presented as the
infinite sum of the infinite products of creation/destruction operators (of cause,
normally ordered), the kernel of which carries information about the transla-
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conservation in the closed system [26]. Bearing in mind that the S-operator is
determined as the operator of evolution of the system from the distant past to the
distant future, it is no wonder that the majority of operator structures generated
in the S-operator by the initial interaction Hamiltonian corresponds to the proc-
esses which cannot hold in nature. Those are operators responsible for the dis-
connected graphs and the processes having no energy shell, including the op-
erators generating clouds of virtual quanta [2,3] surrounding free particles, etc.
From the mathematical viewpoint, the infinite number of degrees of free-
dom conditioned by such a structure of the S-operator generates the infinitely
dimensional space of all combinatorially possible states of particles. Unfortu-
nately, the application of the well-developed methods of quantum mechanics to
the eigenvalue problem for some operator corresponding to some physical value
is not grounded. The matter is that the rotation in the space with aid to diagona-
lyze the matrix of operator can be correctly performed only in the finitely di-
mensional spaces. In the case the space dimension is infinite or even not deter-
mined the only reasonable way to solve the eigenvalue problem is to replace the
initial space in which the operator in question has a non-diagonal form by some
new orthogonal space in which the operator would have the sparse (block), i.e.,
approximately diagonal, structure giving at least approximate solution to the

problem. Taking into account that the space of states is built by means of the
same field quanta as the S-operator is, searching for the new space of states ap-
pears equivalent to such a choice of the creation/destruction operators in terms
of which both the Hamiltonian and the S-operator do not contain all the spec-
trum of operators having no reasonable physical interpretation. This means, that
the solution of the eigenvalue problem in quantum field theory can be treated
just as a purely algebraic procedure of manipulating with the crea-
tion/destruction operators without any connection with any space of states.
Therefore, it looks natural to treat the Hamiltonian apart from the space of states
and consider it (just as any other operators) as an element of some algebra that is
formed by the creation/destruction operators themselves. In this case, addition,
subtraction and multiplication are the algebraic operations of the algebra. Be-
sides, this algebra should contain a specific unitary element the structure of
which is chosen due to the requirement of absence of certain undesirable ele-
ments in the algebra. Thus, the algebra (in the above-mentioned sense) can be
juxtaposed to the initial system of interacting fields, and the eigenvalue problem
of the Hamiltonian can be investigated as a problem of finding the unitary ele-
ment of the algebra [9]. The specifics of the unitary element are connected with
the fact that it contains all information about those elements eliminated from the
algebra. Having cleaned the algebra from those undesirable elements, i.e., fixed
the structure of the unitary element, we automatically obtain, say, the Hamilto-
nian operator (and thus the scattering operator) in the form free from the dis-
cussed disadvantages.
What should be the structure of the unitary element of the algebra? To an-
swer the question one needs to have information on the types of elements exist-
ing in the algebra from the very beginning. Obviously, the algebra contains ele-
ments corresponding to the physical observable processes. Also the algebra
contains elements to which the one-particle operators (e.g., the free part of the
Hamiltonian) can  be juxtaposed. Besides, according to Van Hove [2,3], the al-
gebra comprises the elements generating clouds of virtual field quanta sur-

rounding the bare particles. Which of these elements of algebra lead to the
problems we are concerned with?
As mentioned above, the divergences in the one-particle operators are
tackled with help of the introduction of the cut-off form factors, so that the ele-
ments of such a kind need no elimination. Therefore, all attention should be paid
to the clouds of virtual quanta studied by Van Hove. We stress, that these multi-
particle effects are associated exclusively with the creation/destruction operators
themselves but not the structures (e.g., the operators of processes) built out of
them. Solely due to that reason Greenberg and Schweber have proposed to seek
for the unitary element of the algebra in question in a way the one-particle states
in some initially undefined Hilbert space be the eigenstates of the total Hamilto-
nian. It can be shown (see Sec. 2.5) that the unitary element chosen according to
the requirements of the Okubo approach and the Haitler, Sato and Lee method
eliminates not only the clouds of virtual quanta but also the part of a subclass of
elements associated with the observable processes. Consequently, just the
method of the clothing UT appears the most adequate not only from the mathe-
matical but also the physical viewpoint.
According to Greenberg and Schweber, the goal of clothing is the con-
struction of the new Fock space of states in which the clothed (physical) one-
particle states appear the eigenstates of the total Hamilonian thanks to the UT of
the bare (primary) creation/destruction operators of bare particles. Under this
UT, all operator structures of the initial Hamiltonian which prevent the one-
particle states to be its eigenstates (namely these operators create clouds of vir-
tual particles) appear accumulated into the new clothed (physical) crea-
tion/destruction operators: one can show that the clothed operators are expressed
through the infinite sums of infinite products of initial (bare) crea-
tion/destruction operators of particles.
The deliverance of the undesirable (“bad” in our treatment) operators is
performed via the proper choice of the generators of UT’s of the crea-
tion/destruction operators, consequently order by order in the coupling constant.

Thus, the procedure has recursive character. This is conditioned by the fact that
the explicit form of the operators to be eliminated in some n-th order in the cou-
pling constant can be established only after all the bad terms of the lower orders
are removed. We emphasize that the elimination of bad operators does not mean
their total disappearance from the Hamiltonian. On the contrary, the analyses of
the several first clothing UT’s witnesses that all eliminated operators appear
“built into” the operators of physical processes in higher orders. In other words,
the amount of information put into the initial Hamiltonian remains unchanged
but “redistributed” according to the physical requirements imposed upon the
system of interacting fields under study.
Besides the bad operators, in the course of clothing, the Hamiltonian con-
tains good operators of even orders that repeat the structure of the free part of
the Hamiltonian. The kernels of these operators determine the corrections for the
self-energies of particles associated with the effects of self-action. In other
words, the values of the initial (bare) masses get corrections to their values and
finally, if the clothing procedure has been successful, tend to the observable val-
ues. The major inconvenience arising with the mass renormalization performed
that way is associated with the fact that all observable values are finally ex-
pressed through the bare masses that are unknown. This difficulty can be
avoided if from the very beginning, before starting the elimination procedure,
one performs the auxiliary UT from the creation/destruction operators of bare
particles with unphysical masses to the same operators but with physical masses.
As the result, the free part of the Hamiltonian gives rise to the new additional
operator (mass counterterm), which defines the mass shifts of new particles but
no longer conserves their number. Further, in the course of clothing, the arising
one-particle operators are cancelled (at least, partly) with the same operators
from the mass counterterm forming the mass corrections post factum. Finally,
this allows expressing all operators of physical processes through the physical
masses of particles. Note, that the described auxiliary mass changing UT does
not alter the form of the initial interaction operator and appears equivalent to the

transition to such new space of states (orthogonal to the initial one) in which the
number of free bare particles with physical masses is not conserved.
The problem of coupling constant renormalization fundamentally differs
from the similar problem for the mass renormalization. The point is that in any
RQFT model the primary interaction operator consists, at least partly, of bad
terms. In the model of the Yukawa-type interaction all the vertex operators in
the Hamiltonian are bad and, according to the first principles of clothing, they
must be removed from the Hamiltonian forming the clothed (renormalized) ver-
tices in physical operators. The other approach, which is analogous, in part, to
that one used in the mass renormalization, is also possible. Similar to the intro-
duction of the mass counterterm, one can introduce the vertex counterterm de-
fining the charge correction. With help of such a trick, in this work we have per-
formed the transition to the observable value of the coupling constant while the
respective correction is found post factum in the course of clothing. The weak
point in this scheme is the fact that the determination of charge correction is per-
formed via the cancellation of bad operators. One of them originates from the
vertex counterterm (which is bad by definition) while the other arises during the
clothing and stems from the multiple commutators, and is bad too. This trouble
manifests itself in the way in this work we perform the comparison with explic-
itly covariant calculations of the correction in question in the third order in the
coupling constant. Really, the matrix element of the S-operator between one-
and two-particle states is equal to zero by definition because the mentioned tran-
sition is kinematically forbidden. Therefore, instead of performing direct but
ambiguous calculations we establish some general links between the perturba-
tion series appearing in the unitary clothing transformation approach and the se-
ries typical of the OFPT which is in fact equivalent to the purely covariant time-
dependent Dyson-Feynman perturbation theory.
However, the mentioned circumstance that seems a drawback for the
models where the interaction operator is totally bad could appear an advantage
for the model where the interaction operator also contains good part. Then the

renormalization of the coupling constant which determines the bad part of the
interaction operator can be realized as the vertex clothing in the operators of
physical processes while the shift of charge which is associated with the good
part the interaction operator can be determined with help of introduction and
subsequent cancellation of the vertex counterterm.
In general, the charge shift is usually defined by comparing two certain
values generated by two mechanisms of one and the same physical process (say,
** 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ized to the certain order in the physical coupling constant. In the covariant
Dyson-Feynman formalism those values are the scattering amplitudes. They are
defined on the energy shell, so the difference between them, which determines
the charge shift, is also a value on the energy shell. Contrary to the covariant ap-
proach, in the method of clothing the role of the mentioned values are played by
the operators of physical interactions in the Hamiltonian, which are determined
off the energy shell. Consequently, the charge shift found by clothing is the ob-
ject off the energy shell. For example, if one calculates the expression for charge
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ond and fourth orders, one finds this expression equivalent to that one obtained
in this work via the cancellation of the vertex-like operators. If from the very
beginning these operators are projected on the energy shell, then the expression
for the charge shift coincides with that one derived on the energy shell. That is
why we divide the expression for ( )3gδ  into two parts: ( )3off energy shellgδ − − , which
goes to zero on the energy shell, and ( )3on energy shellgδ − − , which can be brought to the
explicitly covariant form, providing the independence of the charge shift of the
particle momenta.
Finally, if the clothing procedure has been successfully completed, i.e.,
the Hamiltonian and all other generators of the Poincare group are free from bad
operators and the mass and charge renormalization programs are realized, then
the operators remaining in the Hamiltonian present only observable (physical)

processes. Such operators are naturally Hermitian and relativistic, independent
of the interaction energy, include the recoil effects (and non-local in this sense),
contain the off-energy-shell structures and are defined in the Hilbert space of the
physical many-particle states. Further, to calculate the observables, these opera-
tors should be put into the relativistic dynamical equations of the Lippmann-
Schwinger type for the t-matrix, which are solved via the usual methods of the
theory of integral equations. During the solution of these equations, the summa-
tion of all the infinite series of mechanisms responsible for the investigated pro-
cess is performed. The t-matrix derived in such way defines the respective S-
matrix and, finally, the amplitude of the physical process studied. It is remark-
able that from the moment we have obtained the operator of some physical pro-
cess with help of clothing, all the remaining steps towards the derivation of ob-
servables can be performed using the well-developed methods of nuclear phys-
ics.
In conclusion we note that the present unitarily equivalent formulation of
the relativistic quantum field theory can be considered as the result of applica-
tion of the specific noncovariant off-energy-shell perturbation theory in which
all of observable results are determined via the operators only on the 3-
momentum shell. Due to this feature of our approach, there arises a possibility
of consistent consideration of the relativistic effects off the energy shell. The
latter are expected to bring on essential contributions to the amplitudes of ob-
servable processes even in case of low energies, and also can help to investigate
the properties of not only the bound states of a few-nucleon system but of the
nuclear matter as well.

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